On left-orderability and double branched covers of Kanenobu's knots by Medina, Fabian Doria et al.
ON LEFT-ORDERABILITY AND DOUBLE BRANCHED COVERS
OF KANENOBU’S KNOTS
FABIAN DORIA MEDINA, MICHAEL JACKSON, JOAQUI´N RUALES,
AND HADAS ZEILBERGER
Abstract. We show that the fundamental group of the double branched cover
of an infinite family of homologically thin, non-quasi-alternating knots is not
left-orderable, giving further support for a conjecture of Boyer, Gordon, and
Watson that an irreducible rational homology 3-sphere is an L-space if and
only if its fundamental group is not left-orderable.
1. Introduction
Heegaard Floer homology is an invariant of 3-manifolds introduced by Ozsva´th
and Szabo´ [12]. In its simplest form, it associates to a closed 3-manifold Y a
graded F2 vector space, denoted ĤF (Y ). It was shown by Ozsva´th and Szabo´ [11,
Proposition 5.1] that if Y is a rational homology 3-sphere then
rk ĤF (Y ) ≥ |H1(Y ;Z)|.
Definition 1.1. An L-space is a rational homology sphere Y with simplest possible
Heegaard Floer homology, that is, with
rk ĤF (Y ) = |H1(Y ;Z)|.
Lens spaces are L-spaces, motivating the name. It is interesting to ask whether
there exist alternative characterizations of L-spaces that do not depend on Hee-
gaard Floer homology [13, Question 11]. We know that if Y is an L-space then
Y does not admit a C2 co-orientable, taut foliation [10]. The non-existence of a
co-orientable, taut foliation has been proposed by Ozsva´th and Szabo´ as a possible
characterization of L-spaces. Along similar lines, a conjecture has been proposed
[1] that attempts to characterize L-spaces through a property of their fundamental
group.
Conjecture (Boyer-Gordon-Watson). An irreducible rational homology 3-sphere
is an L-space if and only if its fundamental group is not left-orderable.
Recall that a left-orderable group is a group which admits a left-invariant total
order.
The conjectured relationship between L-spaces and left-orderability is already
known for 3-manifolds that are double branched covers of non-split alternating links.
It has been shown that for a non-split alternating link K ⊂ S3, the fundamental
group of Σ(K) is not left-orderable [1] (cf. [5], [8]), where Σ(K) denotes the double
branched cover of K ⊂ S3. Furthermore, Manolescu and Ozsva´th [9] showed that
alternating links, and more generally, quasi-alternating knots, are homologically
thin. In turn, Ozsva´th and Szabo´ showed in [14] that for a homologically thin link
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K, its double branched cover is an L-space. Therefore, if a 3-manifold M is the
double branched cover of some non-split alternating link, then M is an L-space and
pi1(M) is not left-orderable.
We will verify that a specific class of L-spaces arising from the double branched
covers of Kanenobu’s knot (see Figure 1) have fundamental groups which are not
left-orderable. We will consider the knots Kn for n ≥ 0, defined as
Kn = K−10n,10n+3.
It was shown by Greene and Watson that Kn is homologically thin (but not quasi-
alternating), and so Σ(Kn) is an L-space for n ≥ 0 [6, Proposition 11]. Generically,
Kn is non-alternating and Σ(Kn) is hyperbolic and can not be obtained by surgery
on a knot in S3 [7], so these manifolds fall outside of the classes considered in [1].
The fundamental group, Gn, of the double branched cover of Kn was computed by
Greene and Watson [6], and has the following presentation:
Gn = pi1(Σ(Kn)) = 〈a, b, c, d | (a−1b)10nd−1a2, b−2c(b−1a)10n,
(d−1c)10n+3c−1bc−2, d2a−1d(c−1d)10n+3〉
where we have renamed the four generators v1, v2, v3, and v4 from the original
paper as a, b, c, and d, respectively.
Figure 1. Kanenobu’s knot Kp,q. Image due to [6].
Theorem. The fundamental group Gn of the double branched cover of Kn is not
left-orderable.
Next, we introduce various definitions and give background on left-orderability.
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1.1. Left-orderability.
Definition 1.2. A group G is left-orderable if its elements can be given a left-
invariant total order. That is, a total order < such that g < h implies fg < fh for
all f, g, h ∈ G.
Remark. By convention the trivial group is not left-orderable.
We recall some facts on left-orderable groups from [3].
Fact 1.3. For some left-orderable group (G,<) we can define a corresponding
relation > in the following way: for g, h ∈ G, g > h if and only if h < g. This
notational convenience will be used frequently.
Fact 1.4. In a left-orderable group G, 1 < g (“g is positive”) if and only if g−1 < 1
(“g−1 is negative”).
Fact 1.5. Transitivity implies that in a left-orderable group products of positive
elements are positive and products of negative elements are negative.
Proposition 1.6. In a left-orderable group G, g ∈ G has the same sign as gn for
any n > 1.
Proof. Consequence of Fact 1.5. 
Fact 1.7. A left-orderable group has no torsion.
Fact 1.8. Let G be a non-trivial group and let g ∈ G. There exists a left-ordering
< on G such that g < 1 if and only if there exists a left-ordering <′ on G such that
1 <′ g.
We can also define left-orderability in a different way:
Proposition 1.9. A group G is left-orderable if and only if there exists a subset
P ⊂ G such that:
(1) P · P ⊂ P
(2) P ∩ P−1 = ∅
(3) G = P ∪ P−1 ∪ {1}
Proof. Suppose G is left-orderable. Define
P = {g ∈ G | 1 < g}.
Then P ·P ⊂ P since if g > 1 and h > 1 then gh > g > 1. Therefore, P satisfies the
first condition. If g > 1 then g−1 < 1 and so P ∩ P−1 = ∅. Therefore, P satisfies
the second condition. Finally, by the totality of a total ordering, all non-trivial
elements in G must be either positive or negative, thus P ∪ P−1 ∪ {1}. Therefore,
P satisfies the third condition, completing one direction of the proof.
Conversely, suppose there exists a subset P ⊂ G satisfying the three conditions
of the proposition. Define a left ordering in the following way:
g < h⇔ g−1h ∈ P.
It is easy to check this defines a left-ordering. 
Definition 1.10. For a group G, a subset P ⊂ G satisfying the three conditions
of Proposition 1.9 is called a positive cone.
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1.2. Automated Proofs. Several of the proofs for lemmas and propositions in
this paper were generated by a computer program we created for the task. We will
now briefly describe the algorithm our program employs, as it could be useful for
future work in disproving the left-orderability of certain groups. Our program is
similar to the program described in [2, Section 8].
For the proof that Gn is not left-orderable, we argue by contradiction. That
is, we assume that Gn is left-orderable, thus for any left-ordering on Gn, there
must exist a positive cone P ⊂ Gn. Based on Fact 1.8, we can proceed under the
assumption that b−1a ∈ P , and then find additional elements of Gn that must be
contained in such a positive cone. With the addition of enough elements, we can
in many cases reach a contradiction.
In order to accomplish this, the program takes two inputs:
(1) A set Q ⊂ P of elements that have been proven (either in previous iterations
of the program, or by hand) to be contained in P , including b−1a. This
set will grow during the execution of the program, but we will ensure that
it always is a subset of P , so Q has the property inherited from P that
1 6∈ Q∗, where Q∗ is the semigroup generated by Q.
(2) A subset I of all words that we know are equal to the identity based on the
group relations of Gn, closed under inversion and cyclic permutation. See
(1.1) for an example of what is meant by cyclic permutation.
Remark. Words that are equal to the identity are henceforth referred to as identities.
The four group relations of Gn are obvious examples of identities. To give an-
other example, Lemma 4.1 shows that d−1a2b−2c is also an identity. The cyclic
permutations of this identity would be:
{d−1a2b−2c, cd−1a2b−2, b−1cd−1a2b−1,
b−2cd−1a2, ab−2cd−1a, a2b−2cd−1}.(1.1)
Pseudocode for a simplified version of the program follows, where A∗ denotes
the semigroup generated by the elements of A.
loop
x← next nontrivial element of unknown sign
if I ∩ (Q ∪ {x})∗ = ∅ and I ∩ (Q ∪ {x−1})∗ 6= ∅ then
add x to Q
print x added to positive list
else if I ∩ (Q ∪ {x})∗ 6= ∅ and I ∩ (Q ∪ {x−1})∗ = ∅ then
add x−1 to Q
print x−1 added to positive list
else if I ∩ (Q ∪ {x})∗ 6= ∅ and I ∩ (Q ∪ {x−1})∗ 6= ∅ then
print x causes a contradiction
program halts
end if
end loop
The “next nontrivial element of unknown sign” from line 2 can either be user-input
or computer-generated. Since there are infinite elements of unknown sign, we (or
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the computer) give preference to those elements with lowest word length, e.g. c−1d
before c−1d2.
Within the program’s if statements, we compute the intersection between the
finite set I and infinite semigroups generated by Q ∪ {x} or Q ∪ {x−1}. This is
possible in finitely many operations because I is finite and the semigroup is finitely
generated. We use a method similar to using a deterministic finite automaton with
the finitely generated semigroup as a language to check elements in I.
1.3. Outline. The paper is organized as follows. In Section 2, we provide a proof
that G0 is not left-orderable. The case when n = 0 is addressed separately because
the proof for n > 0 does not hold when n = 0. The remainder of the paper is then
devoted to a proof for the cases n > 0. To facilitate the proof, we consider sixteen
cases (see Table 1) based on the signs of the four generators of Gn and disprove
left-orderability in each. In Section 3 we show that the four generators of Gn are
non-trivial and distinct, justifying the totality of the sixteen cases we will address.
In Section 4 we prove lemmas that hold in all cases and that will be useful for later
proofs. With these tools, left-orderability is straightforward to disprove in eleven of
the sixteen cases, and we address these in Section 5. We disprove left-orderability
in Cases 3, 4, 8, 1, and 16 in Sections 6, 7, 8, 9, and 10 respectively.
1.4. Acknowledgements. We would like to thank Jennifer Hom and Kristen Hen-
dricks for their generous advice throughout the project, Columbia University’s REU
Summer Program for providing us the opportunity to work together, Adam Clay
and Dale Rolfsen for sharing their notes on “Ordered Groups and Topology,” and
Tye Lidman and Liam Watson for suggesting this problem. We would also like to
thank Tye Lidman and the anonymous reviewers at the Journal of Knot Theory
and Its Ramifications for comments on earlier drafts of this paper. Finally, we
would like to thank the National Science Foundation—Fabian Doria Medina was
partly supported by NSF grant DMS-1149800.
2. Proof that G0 is not left-orderable
We start by proving that G0 is not left-orderable, as the proof uses a different
approach than the general case n ≥ 1
Lemma 2.1. G0 is isomorphic to 〈x, y | (x−2y2)3 = x5 = y5〉.
Proof. When n = 0, we have:
G0 = 〈a, b, c, d | d−1a2, b−2c, (d−1c)3c−1bc−2, d2a−1d(c−1d)3〉.
The first two relations show that a2 = d and b2 = c, thus we can rewrite the
presentation using only a and b as generators:
G0 = 〈a, b | (a−2b2)3b−2bb−4, a4a−1a2(b−2a2)3〉
G0 = 〈a, b | (b−2a2)3 = b−5, a5(b−2a2)3〉
G0 = 〈a, b | (b−2a2)3 = b−5, a5b−5〉
G0 = 〈a, b | (a−2b2)3 = a5 = b5〉. 
Lemma 2.2. Both x5 and y5 commute with all elements in G0.
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Proof. Since we can change x5 to y5 and back as necessary, it is clear that both x5
and y5 commute with x, y, x−1, and y−1 and therefore with any element of G0.

Lemma 2.3. If G0 is left-orderable, then wx
nw−1 has the same sign as x for any
w ∈ G0 and for any n ≥ 1. Similarly, wynw−1 has the same sign as y for any
w ∈ G0 and for any n ≥ 1.
Proof. Suppose G0 is left-orderable. We know by Lemma 2.2 that for any w ∈ G0:
wx5w−1 = ww−1x5 = x5.
By Proposition 1.6, x5 has the same sign as x, and thus wx5w−1 has the same sign
as x. But wx5w−1 = (wxw−1)5, and so by Proposition 1.6 wxw−1 has the same
sign as wx5w−1 and therefore has the same sign as x. A similar proof works for
y. 
Lemma 2.4. If G0 is left-orderable and x > 1, then x
−2y2 > 1.
Proof. SupposeG0 is left-orderable and suppose x > 1. Then x
5 > 1 and (x−2y2)3 >
1 since (x−2y2)3 = x5. By Proposition 1.6 this shows that x−2y2 > 1. 
Proposition 2.5. The group G0 = 〈x, y | (x−2y2)3 = x5 = y5〉 is not left-
orderable.
Proof. Suppose (for contradiction) that G0 is left-orderable. First note that if
x = 1, then y5 = 1. Then either y = 1 as well and G0 is trivial, or y 6= 1 and G0
has torsion and is therefore not left-orderable by Fact 1.7, a contradiction. Thus
by Fact 1.8 we can assume without loss of generality that x > 1. Note that x > 1
implies x5 = y5 > 1 which implies y > 1 by Proposition 1.6. Starting with the
group relation, we have:
x−2y2x−2y2x−2y2 = y5
x−2y2x−2y2x−2 = y3
x−2y2x−2y2x2 = y3x4
x−2y2x−2y2x2 = x5y3x−1(2.1)
y2x−2y2x2 = x7y3x−1
y−2x−2y2x2 = y−4x7y3x−1
[x−2y−2]x−2[y2x2] = x−2y−4x5x2y3x−1
= x−2yx2y3x−1(2.2)
[(x−1)x−2y−2]x−2[y2x2(x)] = (x−1)x−2yx2y3x−1(x)
[(y3)x−3y−2]x−2[y2x3(y−3)] = (y3)x−3yx2(y3y−3)
[(x−2)y3x−3y−2]x−2[y2x3y−3(x2)] = (x−2)y3x−3yx2(x2)
[x−2y3x−3y−2]x−2[x−2y3x−3y−2]−1 = [x−2y2]y[(x−3)y(x3)]x.(2.3)
Where for (2.1) we have used the fact (shown in Lemma 2.2) that x5 commutes
with any element of G0, for (2.2) we have used the group relation x
5 = y5. Now
in (2.3), the right expression must be positive since x > 1, y > 1, x−2y2 > 1 by
Lemma 2.4, and (x−3)y(x3) > 1 by Lemma 2.3. However, the expression on the
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left is negative by Lemma 2.3 since it is of the form (wx−1w−1)2 for some w ∈ G0.
This is a contradiction. 
Remark. An alternative proof of Proposition 2.5 follows from the fact that K0 is a
Montesino knot, and hence Σ(K0) is a Seifert fibered space. Proposition 2.5 then
follows from [1, Theorem 4].
3. Non-triviality and distinctness of the four generators
Recall that
Gn = 〈a, b, c, d | (a−1b)10nd−1a2, b−2c(b−1a)10n,
(d−1c)10n+3c−1bc−2, d2a−1d(c−1d)10n+3〉
for integers n ≥ 0.
Proposition 3.1. The four generators of Gn are all distinct and non-trivial.
Proof. Greene and Watson [6, Section 4.2] show that the abelianization of Gn
provides a homomorphism:
φ : Gn → Z25
with φ(a) = 13, φ(b) = 3, φ(c) = 6, and φ(d) = 1. Because each of the generators
maps to a distinct, non-identity element of Z25, it follows that the four generators
are distinct and nontrivial. 
Corollary 3.2. Both bc−3 and ad−3 are non-trivial.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (cd−1)10n+3bc−3 = 1
⇒ bc−3 = (dc−1)10n+3.
By Proposition 3.1, dc−1 6= 1, therefore bc−3 6= 1.
By the fourth group relation, we have:
(d−1c)10n+3d−1ad−2 = 1
⇒ (cd−1)10n+3ad−3 = 1
⇒ ad−3 = (dc−1)10n+3.
By Proposition 3.1, dc−1 6= 1, therefore ad−3 6= 1. 
We will assume Gn is left-orderable and then reach a contradiction. By Fact 1.8, we
can assume without loss of generality that b−1a ≥ 1. Because of Proposition 3.1,
we can assume (without loss of generality) that b−1a > 1.
With four (non-trivial) group generators there are 16 possible cases for the signs
of each of the generators that must be considered (see Table 1). We will disprove
each of these cases.
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Case a b c d
1 + + + +
2 + + + −
3 + + − +
4 + + − −
5 + − + +
6 + − + −
7 + − − +
8 + − − −
9 − + + +
10 − + + −
11 − + − +
12 − + − −
13 − − + +
14 − − + −
15 − − − +
16 − − − −
Table 1. The 16 possible cases with 4 generators
4. General Lemmas
First we prove some lemmas that will be used later. These lemmas are true for all
cases listed in Table 1.
Lemma 4.1. In Gn, d
−1a2 = c−1b2.
Proof. The first group relation for Gn can be rearranged as follows:
(a−1b)10nd−1a2 = 1
⇒ (b−1a)10n = d−1a2,(4.1)
and the second group relation can be rearranged as follows:
b−2c(b−1a)10n = 1
⇒ (b−1a)10n = c−1b2.(4.2)
This shows that:
d−1a2 = c−1b2. 
Corollary 4.2. In Gn, a
2b−2 = dc−1.
Proof. By Lemma 4.1 we know:
d−1a2 = c−1b2
⇒ a2b−2 = dc−1. 
Lemma 4.3. In Gn, d
2a−1d = c2b−1c.
Proof. The third group relation for Gn can be rearranged as follows:
(d−1c)10n+3c−1bc−2 = 1
⇒ (d−1c)10n+3 = c2b−1c,
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and the fourth group relation can be rearranged as follows:
d2a−1d(c−1d)10n+3 = 1
⇒ (d−1c)10n+3 = d2a−1d.
Showing that:
d2a−1d = c2b−1c.(4.3)

Lemma 4.4. In Gn, d
2a = c2b.
Proof. Starting from Lemma 4.1, we have:
d−1a2 = c−1b2
⇒ c = b2a−2d.(4.4)
Using (4.4), we can substitute for the right-most c in (4.3). We find:
d2a−1d = c2b−1b2a−2d
⇒ d2a−1d = c2ba−2d
⇒ d2a = c2b. 
Lemma 4.5. In Gn, ad
−1a = bc−1b.
Proof. By the first group relation, we have:
(a−1b)10nd−1a2 = 1
⇒ (a−1)(ba−1)10nad−1a2 = 1
⇒ (ba−1)10nad−1a = 1.(4.5)
By the second group relation, we have:
b−2c(b−1a)10n = 1
⇒ b−2cb−1(ab−1)10nb = 1
⇒ b−1cb−1(ab−1)10n = 1
⇒ b−1cb−1 = (ba−1)10n.(4.6)
Substituting (4.6) into (4.5), we see:
b−1cb−1ad−1a = 1
⇒ ad−1a = bc−1b. 
Lemma 4.6. In Gn, c
−3d3 = b−1a.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1(cd−1)10n+3bc−2 = 1
⇒ (cd−1)10n+3bc−3 = 1.(4.7)
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By the fourth group relation, we have:
d2a−1d(c−1d)10n+3 = 1
⇒ d2a−1(dc−1)10n+3d = 1
⇒ d3a−1(dc−1)10n+3 = 1
⇒ d3a−1 = (cd−1)10n+3.(4.8)
Substituting (4.8) into (4.7), we see:
d3a−1bc−3 = 1
⇒ c−3d3 = b−1a. 
Corollary 4.7. If Gn is left-orderable, then c
−3d3 > 1.
Proof. This is an immediate consequence of Lemma 4.6 and the general assumption
that b−1a > 1. 
Lemma 4.8. If Gn is left-orderable, then d
−1a2 > 1.
Proof. By (4.1) we have:
(b−1a)10n = d−1a2,
and since we are assuming b−1a > 1, this shows that d−1a2 > 1. 
Lemma 4.9. If Gn is left-orderable, then d
−2c2b−1cd−1b < 1.
Proof. By Lemma 4.3 we have:
d2a−1d = c2b−1c
⇒ d2 = c2b−1cd−1a.(4.9)
By rearranging the result of Lemma 4.6 we have:
c3 = d3a−1b = d(c2b−1cd−1a)a−1b.
Note that the last equality follows by substituting for d2 using (4.9). This expression
can be rearranged to give:
d = c3b−1dc−1bc−2
⇒ c−1d = c2b−1dc−1bc−2.(4.10)
Now (4.10) can be rearranged to yield:
d−1c3b−1dc−1bc−2 = 1
⇒ (d−3c3)(b−1dc−1bc−2d2) = 1.(4.11)
By Corollary 4.7, d−3c3 < 1, therefore (4.11) shows that:
b−1dc−1bc−2d2 > 1
⇒ d−2c2b−1cd−1b < 1. 
Lemma 4.10. If Gn is left-orderable, then c
−1ba−1d > 1.
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Proof. By Lemma 4.5, we have:
a−1da−1bc−1b = 1
⇒ c−1ba−1da−1b = 1
⇒ (b−1a)(d−1ab−1c) = 1.(4.12)
We know b−1a > 1, so (4.12) shows that:
d−1ab−1c < 1
⇒ c−1ba−1d > 1. 
Lemma 4.11. If Gn is left-orderable, then b < 1 implies c < 1.
Proof. By Lemma 4.8, d−1a2 > 1, and hence a−2d < 1. By Lemma 4.1, we have:
d−1a2 = c−1b2
⇒ c = b2a−2d,
and it is now easy to see that:
b < 1⇒ b2 < 1⇒ b2a−2d < 1⇒ c < 1. 
5. Cases 2, 5, 6, 7, 9, 10, 11, 12, 13, 14, and 15
Proposition 5.1. If Gn is left-orderable, then Cases 9, 10, 11, and 12 are impos-
sible.
Proof. Suppose Gn is left-orderable. In Cases 9, 10, 11, and 12, a < 1 and b > 1 and
so a < b, but we have taken b−1a to be positive, telling us that a > b. Therefore,
Cases 9, 10, 11, and 12 are not possible. 
Proposition 5.2. If Gn is left-orderable, then Cases 2 and 15 are impossible.
Proof. Suppose Gn is left-orderable. The fourth group relation for Gn tells us that:
d2a−1d(c−1d)10n+3 = 1.(5.1)
Suppose (for contradiction) that the signs of the generators are as in Case 2. Then,
d < 1, while a > 1 implies a−1 < 1 and c > 1 implies c−1 < 1. These statements
show that:
d2a−1d(c−1d)10n+3 < 1.
This contradicts (5.1); therefore, Case 2 is impossible.
Suppose now (for contradiction) that the signs of the generators are as in Case 15.
Then, d > 1, while a < 1 implies a−1 > 1, and c < 1 implies c−1 > 1. These
statements show that:
d2a−1d(c−1d)10n+3 > 1.
This contradicts (5.1); therefore, Case 15 is impossible. 
Proposition 5.3. If Gn is left-orderable, then Case 7 is impossible.
Proof. Suppose that Gn is left-orderable. By Lemma 4.4 we have:
d2a = c2b.
This shows that if a and d are both positive then b and c cannot both be negative,
eliminating Case 7 as a possibility. 
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Proposition 5.4. If Gn is left-orderable, then Cases 5, 6, 13, and 14 are impos-
sible.
Proof. Suppose that Gn is left-orderable. By Lemma 4.11, Cases 5, 6, 13, and 14
are not possible, since in these cases b < 1 but c > 1. 
To summarize, the remaining cases are 1, 3, 4, 8, and 16. They are shown in
Table 2.
Case a b c d
1 + + + +
3 + + − +
4 + + − −
8 + − − −
16 − − − −
Table 2. The five cases that remain after considering Proposi-
tions 5.1, 5.2, 5.3, and 5.4.
6. Case 3
We will now show that if Gn is left-orderable then the four generators cannot have
the signs shown in Case 3 (see Table 3). To accomplish this we will assume that
Gn is left-orderable and that the signs of the generators are as in Case 3 and reach
a contradiction.
Case a b c d
3 + + − +
Table 3. The signs of the four generators in Case 3
Lemma 6.1. In Case 3, ba−1 > 1.
Proof. By Lemma 4.4, we have:
c2b = d2a
⇒ (c−2d2)(ab−1) = 1.(6.1)
In Case 3, we assume that c < 1 and d > 1, thus c−2d2 > 1, and thus by (6.1) we
see that:
ab−1 < 1
⇒ ba−1 > 1. 
Proposition 6.2. If Gn is left-orderable, then Case 3 (a > 1, b > 1, c < 1, and
d > 1) is impossible.
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Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that a >
1, b > 1, c < 1, and d > 1. By the second group relation, we have:
b−2c(b−1a)10n = 1
⇒ b(a−1b)10nc−1b = 1
⇒ (ba−1)10n(bc−1b) = 1.(6.2)
Now by Lemma 6.1, (ba−1)10n > 1. Further, we are assuming that b > 1 and c < 1
so bc−1b > 1. Therefore, (6.2) states that a product of positive elements equals the
identity, a contradiction. 
7. Case 4
We will now show that if Gn is left-orderable then the four generators cannot
have the signs shown in Table 4. To accomplish this we will assume that Gn is
left-orderable and that the signs of the generators are as in Case 4 and reach a
contradiction.
Case a b c d
4 + + − −
Table 4. The signs of the four generators in Case 4.
Lemma 7.1. In Case 4, c−1d > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3(c−1bc−2) = 1.(7.1)
In Case 4, b > 1, and c−1 > 1, thus (7.1) shows that d−1c < 1 or equivalently
c−1d > 1. 
Lemma 7.2. In Case 4, ab−1 > 1.
Proof. By the first group relation, we have:
(a−1b)10nd−1a2 = 1
⇒ a−1(ba−1)10nad−1a2 = 1
⇒ (ba−1)10n(a)(d−1)(a) = 1.(7.2)
In Case 4, a > 1 and d−1 > 1, thus (7.2) shows that ba−1 < 1, or equivalently
ab−1 > 1. 
Lemma 7.3. In Case 4, c−2d2 > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (bc−2)(d−1c)10n+3(c−1) = 1
⇒ (bc−2)(cc−1)((dd−1)d−1c)10n+3(cc−1)(c−1) = 1
⇒ (bc−2)c(c−1dd−2cc)10n+3c−1(c−1) = 1
⇒ (b)(c−1)([c−1d][d−2c2])10n+3c−2 = 1.(7.3)
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In Case 4, b > 1, c−1 > 1, and c−1d > 1 by Lemma 7.1. Therefore, (7.3) shows
that d−2c2 < 1, or equivalently, c−2d2 > 1. 
Proposition 7.4. If Gn is left-orderable, then Case 4 (a > 1, b > 1, c < 1, and
d < 1) is impossible.
Proof. Suppose Gn is left-orderable. By Lemma 4.4, we have:
d2a = c2b
⇒ b−1c−2d2a = 1
⇒ (c−2d2)(ab−1) = 1.(7.4)
But ab−1 > 1 by Lemma 7.2 and c−2d2 > 1 by Lemma 7.3, thus (7.4) is a contra-
diction. 
8. Case 8
We will now show that if Gn is left-orderable then the four generators cannot
have the signs shown in Table 5. To accomplish this we will assume that Gn is
left-orderable and that the signs of the generators are as in Case 8 and reach a
contradiction.
Case a b c d
8 + − − −
Table 5. The signs of the four generators in Case 8.
Lemma 8.1. In Case 8, bc−1 > 1.
Proof. In Case 8, we have:
ab−1 > 1,(8.1)
since a > 1 and b−1 > 1. The second group relation of Gn tells us that:
b−2c(b−1a)10n = 1
⇒ b−1c(b−1a)10nb−1 = 1
⇒ (b−1)(cb−1)(ab−1)10n = 1.(8.2)
In Case 8, b−1 > 1 and ab−1 > 1 by (8.1), therefore (8.2) tells us that:
cb−1 < 1
⇒ bc−1 > 1. 
Lemma 8.2. In Case 8, c−1b > 1.
Proof. The second group relation of Gn tells us that:
b−2c(b−1a)10n = 1
⇒ (b−1c)(b−1a)10nb−1 = 1.(8.3)
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In Case 8, b < 1 ⇒ b−1 > 1 and we have assumed in general that b−1a > 1, thus
(8.3) tells us that:
b−1c < 1
⇒ c−1b > 1. 
Lemma 8.3. In Case 8, c−1d > 1.
Proof. In Case 8, c < 1 so c−2 > 1, and Lemma 8.2 states c−1b > 1. Therefore, we
have:
c−1bc−2 > 1.(8.4)
The third group relation tells us that:
(d−1c)10n+3c−1bc−2 = 1
⇒ (d−1c)10n+3(c−1bc−2) = 1.(8.5)
Together, (8.4) and (8.5) show that:
d−1c < 1
⇒ c−1d > 1. 
Lemma 8.4. In Case 8, d−2c2 > 1.
Proof. By Lemma 4.4, we have:
d2a = c2b
⇒ (ab−1)(c−2d2) = 1.(8.6)
In Case 8, b < 1 and a > 1 so ab−1 > 1. Therefore, (8.6) shows that:
c−2d2 < 1
⇒ d−2c2 > 1. 
Proposition 8.5. If Gn is left-orderable, then Case 8 (a > 1, b < 1, c < 1, and
d < 1) is impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction), that
a > 1, b < 1, c < 1, and d < 1. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (bc−2)((d−1c)10n+3)(c−1) = 1
⇒ (bc−2)(cc−1)(((dd−1)d−1c)10n+3)(cc−1)(c−1) = 1
⇒ (bc−2c)(c−1dd−2cc)10n+3(c−1)(c−1) = 1
⇒ (bc−1)([c−1d][d−2c2])10n+3(c−2) = 1.(8.7)
By Lemma 8.1, bc−1 > 1, by Lemma 8.3, c−1d > 1, and by Lemma 8.4, d−2c2 > 1.
Furthermore, in Case 8 c < 1 so c−2 > 1. Therefore, (8.7) states that a product of
positives is the identity, a contradiction. 
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9. Case 1
It would be possible to disprove left-orderability in Cases 1 and 16 by finding a
word w that admits only positive occurrences of the generators a, b, c, and d and
that satisfies w = 1 when considered as an element of Gn. We were not able to
find such a word or disprove its existence. However, certain qualities of the group
relations of Gn suggest that no such word w exists.
First, each group relation contains a pair of generators, one raised to a positive
power and one raised to a negative power, that are repeated a number of times
depending on n. For example, (a−1b)10n as part of (a−1b)10nd−1a2.
Second, while these repeated pairs are easily eliminated through the combination of
two relations, the resultant identities do not improve the situation. By combining
relation 1 with relation 2 and relation 3 with relation 4, we get a2b−2cd−1 and
dc−1bc−2d2a−1 respectively. Each of these identities contains all 4 generators and
alternating positive and negative powers.
Third, if we ignore ordering and simply count powers of generators as shown in
Table 6, there is no simple combination that allows the possibility of eliminating
negative powers. In order to remove dependence on n, we must make the combi-
nations described in the previous paragraph (In Table 6 the rows titled “1 and 2
Subtotal,” and “3 and 4 Subtotal”). Now to make the total power of b positive or
0, we need at least 2 instances of the row “3 and 4 Subtotal,” but this renders the
total power of c negative.
Relation a b c d
1: (a−1b)10nd−1a2 −10n+ 2 10n 0 −1
2: b−2c(b−1a)10n 10n −10n− 2 1 0
3: (d−1c)10n+3c−1bc−2 0 1 10n −10n− 3
4: d2a−1d(c−1d)10n+3 −1 0 −10n− 3 10n+ 6
1 and 2 Subtotal 2 −2 1 −1
3 and 4 Subtotal −1 +1 −3 3
1, 2, 3, and 4 Total 1 −1 −2 2
Table 6. Total powers of generators in each group relation of Gn.
With these challenges in mind, we present an alternative solution in Sections 9 and
10.
In order to show Case 1 (a, b, c, d > 1) is not possible if Gn is left-orderable, we
consider sub-cases (see Table 7). By Proposition 3.1, we know that these sub-cases
represent all possibilities if Gn is left-orderable. We proceed by reaching a contra-
diction to left-orderability in each sub-case.
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Case a−1d b−1d b−1c
1.a + + +
1.b + + −
1.c + − +
1.d + − −
1.e − + +
1.f − + −
1.g − − +
1.h − − −
Table 7. Eight sub-cases of Case 1, considering the signs of a−1d,
b−1d, and b−1c.
9.1. Case 1.b-1.g. We start by showing that if Gn is left-orderable, then Cases
1.b-1.g are not possible.
Proposition 9.1. If Gn is left-orderable, then Cases 1.c and 1.d are impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
a−1d > 1 and b−1d < 1, then:
(a−1d)(d−1b) = a−1b > 1
⇒ b−1a < 1,
which contradicts the general assumption b−1a > 1. 
Proposition 9.2. If Gn is left-orderable, then Cases 1.e and 1.g are impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
b−1c > 1 and a−1d < 1, then:
(c−1b)(a−1d) = b−1(bc−1b)a−1d = b−1(bc−1b)(a−1da−1)a = b−1a.
Where the last equality follows from Lemma 4.5. This shows that Cases 1.e and
1.g are impossible since b−1a > 1 by assumption, but c−1b < 1 and a−1d < 1 in
Cases 1.e and 1.g. 
Proposition 9.3. If Gn is left-orderable, then Case 1.b is impossible.
Proof. Suppose that Gn is left-orderable. By the third group relation, we have:
(c−1d)10n+3c2b−1c = 1
⇒ c2b−1c(c−1d)10n+3 = 1
⇒ c2b−1(dc−1)10n+3c = 1(9.1)
⇒ c2b−1(dc−1)10n+2d = 1
⇒ c2[b−1(dc−1)b]10n+2(b−1d) = 1(9.2)
⇒ (c2)([b−1a][a−1d][c−1b])10n+2(b−1a)(a−1d) = 1.
This shows that Case 1.b is impossible, since a−1d > 1, b−1d > 1, b−1c < 1, and
c > 1 in Case 1.b. 
Proposition 9.4. If Gn is left-orderable, then Case 1.f is impossible.
18 F. DORIA MEDINA, M. JACKSON, J. RUALES, AND H. ZEILBERGER
Proof. Assume that Gn is left-orderable. By (9.2) we have:
c2[b−1(dc−1)b]10n+2(b−1d) = 1
⇒ c2[(b−1d)(c−1b)]10n+2(b−1d) = 1.
This shows that Case 1.f is impossible, since b−1d > 1, b−1c < 1, and c > 1 in Case
1.f. 
9.2. Case 1.a. We now show that if Gn is left-orderable, then Case 1.a is impos-
sible. To accomplish this, we consider eight new sub-cases (see Table 8).
Case ca−1 da−1 cb−1
1.a.i + + +
1.a.ii + + −
1.a.iii + − +
1.a.iv + − −
1.a.v − + +
1.a.vi − + −
1.a.vii − − +
1.a.viii − − −
Table 8. Eight sub-cases of Case 1.a, considering the signs of
ca−1, da−1, and cb−1.
Since we are working in a sub-case of Case 1.a, we also know a > 1, b > 1, c > 1,
d > 1, and the following:
a−1d > 1(9.3)
b−1d > 1(9.4)
b−1c > 1(9.5)
As before, Proposition 3.1 tells us that the cases shown in Table 8 represent all
possibilities if Gn is left-orderable.
9.2.1. Case 1.a.ii-1.a.vii. We continue by disproving left-orderability in each case.
We start by showing that if Gn is left-orderable, then Cases 1.a.ii-1.a.vii are im-
possible.
Proposition 9.5. If Gn is left-orderable, then Case 1.a.ii is impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
ca−1 > 1, da−1 > 1 and bc−1 > 1, then:
(ca−1)(da−1)(bc−1)(bc−1) > 1
⇒ c(a−1da−1)(bc−1b)c−1 > 1.
But by Lemma 4.5, we have:
c(a−1da−1)(bc−1b)c−1 = cc−1 = 1,
a contradiction. 
Lemma 9.6. In Case 1.a, d−1c > 1.
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Proof. By the fourth group relation, we have:
d2a−1d(c−1d)10n+3 = 1
⇒ (d2)(a−1d)(c−1d)10n+3 = 1.(9.6)
Now, d2 > 1 by Case 1, and a−1d > 1 by Case 1.a. Therefore (9.6) shows that:
c−1d < 1
⇒ d−1c > 1. 
Proposition 9.7. If Gn is left-orderable, then Case 1.a.iii is impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
ca−1 > 1, da−1 < 1 and cb−1 > 1. Then by Lemma 9.6, d−1c > 1 and:
(ad−1)(d−1c)(cb−1)(ca−1)(ad−1) > 1
⇒ (a)(d−2c2)(b−1)(cd−1) > 1
⇒ (a)(ab−1)(b−1)(cd−1) = (a2b−2)(cd−1) > 1,(9.7)
where the last implication follows from Lemma 4.4, which tells us that d2a = c2b,
implying d−2c2 = ab−1. Now by Corollary 4.2 we know:
a2b−2 = dc−1
⇒ (a2b−2)(cd−1) = 1.
This contradicts (9.7). 
Proposition 9.8. If Gn is left-orderable, then Case 1.a.iv is impossible.
Proof. Suppose Gn is left-orderable, and suppose (for contradiction) that ca
−1 > 1,
da−1 < 1 and cb−1 < 1, then
[(bc−1)(ca−1)]10n−1(bc−1)(ca−1)(ad−1)(a) > 1
⇒ [(ba−1)]10n−1(bd−1a) > 1
⇒ aa−1(ba−1)10n−1(bd−1a) > 1
⇒ aa−1b(a−1b)10n−2a−1bd−1a > 1
⇒ a(a−1b)10nd−1a > 1.
This contradicts the first group relation, which says (a−1b)10nd−1a2 = 1 or equiv-
alently a(a−1b)10nd−1a = 1. 
Proposition 9.9. If Gn is left-orderable, then Case 1.a.v is impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
ca−1 < 1, da−1 > 1 and cb−1 > 1, then:
(c)(cb−1)[(da−1)(ac−1)]10n+2(d)(c−1c) > 1
⇒ (c2b−1)[(dc−1)]10n+2(dc−1)(c) > 1
⇒ c2b−1(dc−1)10n+3c > 1.
This contradicts (9.1), which says that
c2b−1(dc−1)10n+3c = 1 
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Proposition 9.10. If Gn is left-orderable, then Case 1.a.vi is impossible.
Proof. Suppose Gn is left-orderable, and suppose (for contradiction) that ca
−1 < 1
and da−1 > 1, then
[(da−1)(ac−1)]10n+3(d2)(da−1) > 1
⇒ (dc−1)10n+3d3a−1 > 1,(9.8)
but by the fourth group relation, we have:
d2a−1d(c−1d)10n+3 = 1
⇒ d2a−1(dc−1)10n+3d = 1
⇒ (dc−1)10n+3d3a−1 = 1,(9.9)
this contradicts (9.8). 
Proposition 9.11. If Gn is left-orderable, then Case 1.a.vii is impossible.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction) that
ca−1 < 1, da−1 < 1, and cb−1 > 1, then:
(cb−1)(cb−1)(ad−1)(ac−1) > 1
⇒ (c)(b−1cb−1)(ad−1a)(c−1) > 1
⇒ cc−1 = 1 > 1,
where the last implication follows from Lemma 4.5. 
9.2.2. Case 1.a.i. We now show that if Gn is left-orderable, then Case 1.a.i (see
Table 8) is impossible.
Lemma 9.12. In Case 1.a.i, b−1cd−1b > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (cd−1)10n+3bc−3 = (cd−1)10n+3(bc−1)c−2 = 1
⇒ cd−1 > 1,(9.10)
where the last implication follows from the fact that bc−1 < 1 and c−1 < 1 in Case
1.a.i. Now by the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c2b−1c(c−1d)10n+3 = 1
⇒ c2b−1cd−1(dc−1)10n+3d = 1
⇒ c(cb−1)(cd−1)b(b−1dc−1b)10n+3(b−1d) = 1.(9.11)
By (9.4) and (9.10) it is easy to see that all expressions in parentheses in (9.11) are
positive except for (b−1dc−1b)10n+3. This tells us that:
b−1dc−1b < 1
⇒ b−1cd−1b > 1. 
Lemma 9.13. In Case 1.a.i, d−1c−1d2 > 1.
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Proof. By (9.9), we have:
(d−1a)d−2(d−1c)10n+3 = 1.
However, by (9.3), d−1a < 1 (as is d−2), so (9.9) shows that:
d−1c > 1.(9.12)
Now consider:
(d−2cd)(d−1c)(b−1cd−1b) = d−2c2b−1cd−1b < 1,(9.13)
where the last inequality follows from Lemma 4.9. By (9.12) and Lemma 9.12 we
see that (d−1c)(b−1cd−1b) > 1, therefore (9.13) shows that:
d−2cd < 1
⇒ d−1c−1d2 > 1. 
Corollary 9.14. In Case 1.a.i, d−1c−1dc > 1 and b−1c−1d2 > 1.
Proof. These are immediate consequences of Lemma 9.13 since d−1c > 1 in Case
1.a (by (9.12)) and b−1d > 1 in Case 1.a (by (9.4)). 
Proposition 9.15. If Gn is left-orderable, then Case 1.a.i (ca
−1 > 1, da−1 > 1,
and cb−1 > 1) is impossible.
Proof. Suppose Gn is left-orderable, and suppose (for contradiction) that ca
−1 >
1, da−1 > 1, and cb−1 > 1. By the third group relation we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ cb−1c(c−1d)10n+3c = 1
⇒ c(b−1d)(c−1d)10n+2c = 1
⇒ (cb−1)d(c−1d)(c−1d)10n(c−1d)c = 1
⇒ (cb−1)d(bb−1)c−1d(dd−1)(c−1d)10n(dd−1)c−1dc = 1
⇒ (cb−1)(db)(b−1c−1d2)d−1(c−1d)10nd(d−1c−1dc) = 1
⇒ (cb−1)(db)(b−1c−1d2)(d−1c−1d2)10n(d−1c−1dc) = 1.(9.14)
Now cb−1 > 1 by assumption in Case 1.a.i. Similarly, d > 1 and b > 1 by as-
sumption in Case 1, thus db > 1. The remaining terms in parentheses in (9.14) are
positive by Lemma 9.13 and Corollary 9.14. We have therefore reached a contra-
diction, proving that if Gn is left-orderable, then Case 1.a.i is impossible. 
9.2.3. Case 1.a.viii. Next we show that if Gn is left-orderable, then Case 1.a.viii
is impossible. After Proposition 9.17, all sub-cases of Case 1.a will have been
eliminated, showing that Case 1.a is impossible if Gn is left-orderable.
Lemma 9.16. In Case 1.a.viii, ab−1 > 1.
Proof. By the second group relation, we have:
b−2c(b−1a)10n = 1
⇒ (b−1)(cb−1)(ab−1)10n = 1
⇒ ab−1 > 1,
where the last implication follows from b−1 < 1 (in Case 1), and cb−1 < 1 (in Case
1.a.viii). 
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Proposition 9.17. If Gn is left-orderable, then Case 1.a.viii (ca
−1 < 1, da−1 < 1,
and cb−1 < 1) is impossible.
Proof. Suppose Gn is left-orderable and suppose (for contradiction), that ca
−1 < 1,
da−1 < 1, and cb−1 < 1. By Corollary 4.2, we have:
a2b−2 = dc−1
⇒ (b−1)(cd−1)(a2b−1) = 1
⇒ (b−1a)(a−1c)(d−1a)(ab−1) = 1
⇒ (a−1c)(d−1a) < 1,(9.15)
where the last implication follows from the general assumption (b−1a) > 1, and
since ab−1 > 1 by Lemma 9.16. Nevertheless, by (9.1):
(c2b−1)(dc−1)10n+3(c) = 1
⇒ (c2)(b−1a)(a−1dc−1a)10n+2(a−1d)(c−1c) = 1
⇒ (a−1d)(c−1a) < 1,
where the last implication follows from b−1a > 1, c2 > 1 (in Case 1), and a−1d > 1
(in Case 1.a), i.e. (a−1c)(d−1a) > 1, which contradicts (9.15). Therefore if Gn is
left-orderable Case 1.a.viii is impossible. 
9.3. Case 1.h. We will now show that if Gn is left-orderable, then Case 1.h
(d−1a > 1, d−1b > 1, c−1b > 1)is impossible.
Lemma 9.18. In Case 1.h , c−1d > 1.
Proof. Starting from the first group relation, we have:
(a−1b)10nd−1a2 = 1
⇒ a(a−1b)10nd−1a = 1
⇒ (ba−1)10n−1bd−1a = 1(9.16)
⇒ (ba−1)10n−2ba−1bd−1a = 1
⇒ (cc−1)(ba−1(dd−1))10n−2(cc−1)ba−1(dd−1)bd−1a = 1
⇒ c([c−1ba−1d][d−1c])10n−2(c−1ba−1d)(d−1b)(d−1a) = 1,(9.17)
but d−1b > 1, d−1a > 1, and c > 1 in Case 1.h . Further, we know by Lemma 4.10
that c−1ba−1d > 1. Therefore, (9.17) shows that:
d−1c < 1
⇒ c−1d > 1. 
Lemma 9.19. In Case 1.h , ab−1 > 1.
Proof. By (9.16):
(ba−1)10n−1b(a−1a)(d−1a) = 1
(ba−1)10na(d−1a) = 1,(9.18)
but d−1a > 1 in Case 1.h and a > 1 in Case 1, so (9.18) shows that:
ba−1 < 1
⇒ ab−1 > 1. 
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Lemma 9.20. In Case 1.h , a−1dc−1a > 1.
Proof. By Corollary 4.2, we have:
a2b−2 = dc−1
⇒ b−2cd−1a2 = 1
⇒ b−1cd−1a2b−1 = 1
⇒ (b−1a)(a−1cd−1a)(ab−1) = 1.(9.19)
But b−1a > 1 by assumption and ab−1 > 1 in Case 1.h by Lemma 9.19 so (9.19)
shows that:
a−1cd−1a < 1
⇒ a−1dc−1a > 1. 
Lemma 9.21. In Case 1.h , c−1d−2a > 1.
Proof. Starting from the fourth group relation:
d2a−1d(c−1d)10n+3 = 1
⇒ a−1d(c−1d)10n+3d2 = 1
⇒ a−1(dc−1)10n+3d3 = 1
⇒ a−1(dc−1)10n+3(aa−1)d2(cc−1)d = 1
⇒ (a−1dc−1a)10n+3(a−1d2c)(c−1d) = 1.(9.20)
But a−1dc−1a > 1 in Case 1.h by Lemma 9.20 and c−1d > 1 in Case 1.h by
Lemma 9.18, so (9.20) shows that:
a−1d2c < 1
⇒ c−1d−2a > 1. 
Lemma 9.22. In Case 1.h , d−1ad−1 > 1.
Proof. Starting from the fourth group relation, we have:
(c−1d)10n+3d2a−1d = 1
⇒ (c−1d)10n+3(cc−1)d2a−1d = 1
⇒ (c−1d)10n+3(c)(c−1d)(da−1d) = 1.(9.21)
We know that c−1d > 1 in Case 1.h by Lemma 9.18 and we know that c > 1 in
Case 1.h , so (9.21) shows that:
da−1d < 1
⇒ d−1ad−1 > 1. 
Lemma 9.23. In Case 1.h , cba−1 > 1.
Proof. By Lemma 4.4, we have:
c2b = d2a
⇒ c−1d2ab−1c−1 = 1
⇒ (c−1d)d(ab−1c−1) = 1.(9.22)
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We know that c−1d > 1 in Case 1.h by Lemma 9.18 and we know that d > 1 in
Case 1.h , so (9.22) shows that:
ab−1c−1 < 1
⇒ cba−1 > 1. 
Lemma 9.24. In Case 1.h , da−1bc−1 > 1.
Proof. By Lemma 4.5, we have:
b−1cb−1ad−1a = 1
⇒ (cb−1ad−1)(ab−1) = 1
⇒ ab−1 = da−1bc−1
⇒ da−1bc−1 > 1,
where the last implication follows from Lemma 9.19. 
Lemma 9.25. In Case 1.h , cb−1ac−1 > 1.
Proof. By (9.16), we have:
(ba−1)10nbd−1a = 1
⇒ b(a−1b)10nd−1a = 1
⇒ b(a−1b)(a−1b)10n−1d−1a = 1
⇒ (ba−1)(bc−1)(ca−1bc−1)10n−1cd−1a = 1
⇒ (cc−1)(ba−1)(dd−1)(ad−1da−1)(bc−1)(ca−1bc−1)10n−1cd−1a = 1
⇒ c(c−1ba−1d)(d−1ad−1)(da−1bc−1)(ca−1bc−1)10n−1c(d−1a) = 1.(9.23)
We know c−1ba−1d > 1 in Case 1.h by Lemma 4.10; we know d−1ad−1 > 1 in Case
1.h by Lemma 9.22; and we know da−1bc−1 > 1 by Lemma 9.24. Furthermore,
we know d−1a > 1 and c > 1 by assumption in Case 1.h . Therefore, (9.23) shows
that:
ca−1bc−1 < 1
⇒ cb−1ac−1 > 1. 
Lemma 9.26. In Case 1.h , cba−1c−1 > 1.
Proof. By Lemma 4.4, we have:
c2b = d2a
⇒ c−1d2ab−1c−1 = 1
⇒ c−1d2a−1a2b−1c−1 = 1
⇒ c−1d2a−1(bc−1cb−1)a(c−1c)ab−1c−1 = 1
⇒ (c−1d)(da−1bc−1)(cb−1ac−1)(cab−1c−1) = 1.(9.24)
We know that c−1d > 1 in Case 1.h by Lemma 9.18; we know that da−1bc−1 > 1
in Case 1.h by Lemma 9.24; and we know that cb−1ac−1 > 1 in Case 1.h by
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Lemma 9.25. Therefore, (9.24) shows that:
cab−1c−1 < 1
⇒ cba−1c−1 > 1. 
Proposition 9.27. If Gn is left-orderable then Case 1.h (d
−1a > 1, d−1b > 1,
and c−1b > 1) is not possible.
Proof. By (9.16), we have:
(ba−1)10nbd−1a = 1
⇒ (ba−1)(bd−1a)(ba−1)10n−2(ba−1) = 1
⇒ (ba−1)(bd−1a)(c−1c)(ba−1)10n−2(c−1c)(ba−1) = 1
⇒ (ba−1)(bd−1)(ac−1)(cba−1c−1)10n−2(c)(ba−1) = 1
⇒ (cc−1)(ba−1)(dd−1)(bd−1)(ad−1da−1)(bc−1cb−1)
(ac−1)(cba−1c−1)10n−1(cba−1) = 1
⇒ c(c−1ba−1d)(d−1b)(d−1ad−1)(da−1bc−1)
(cb−1ac−1)(cba−1c−1)10n−1(cba−1) = 1.(9.25)
We know that c−1ba−1d, d−1ad−1, da−1bc−1, cb−1ac−1, cba−1c−1, and cba−1 are all
positive in Case 1.h by Lemmas 4.10, 9.22, 9.24, 9.25, 9.26, and 9.23 respectively.
Also, c is positive in Case 1.h by assumption. Therefore (9.25) shows that if Gn
is left-orderable, then Case 1.h is not possible. 
With Proposition 9.27, we have eliminated the one remaining sub-case of Case 1.
Thus, we have shown that if Gn is left-orderable, then the only option for the signs
of the four generators is Case 16. That is, if Gn is left-orderable then a < 1, b < 1,
c < 1, and d < 1.
10. Case 16
We will now show that if Gn is left-orderable, then Case 16 (see Table 9) is not
possible.
Case a b c d
16 − − − −
Table 9. The signs of the 4 generators in Case 16.
We start by proving the signs of a few key elements.
10.1. Inequalities for Case 16.
Lemma 10.1. In Case 16, d−1a > 1.
Proof. By (4.1):
d−1a2 = (b−1a)10n
⇒ d−1a = (b−1a)10na−1.
Thus, d−1a is a product of positive elements. 
26 F. DORIA MEDINA, M. JACKSON, J. RUALES, AND H. ZEILBERGER
Lemma 10.2. In Case 16, c−1b > 1.
Proof. By (4.2):
c−1b2 = (b−1a)10n
⇒ c−1b = (b−1a)10nb−1.
Thus, c−1b is a product of positive elements. 
Lemma 10.3. In Case 16, c−1d > 1.
Proof. Suppose (for contradiction) that c−1d < 1, or equivalently that d−1c > 1.
By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (d−1c)10n+3 = c2b−1c.(10.1)
Since we are assuming d−1c > 1, (10.1) shows that c2b−1c > 1. By (4.2), c−1b2 =
(b−1a)10n > 1, thus:
(c2b−1c)(c−1b2) > 1
⇒ c2b > 1.
This is a contradiction, since both b and c are negative in Case 16. Therefore,
c−1d ≥ 1. However, by Proposition 3.1, c 6= d and thus c−1d 6= 1. Therefore,
c−1d > 1. 
Corollary 10.4. In Case 16, c−1a > 1.
Proof. This follows from Lemma 10.1 and Lemma 10.3 since:
c−1a = (c−1d)(d−1a). 
Lemma 10.5. In Case 16, ba−1 > 1.
Proof. Starting from the fourth group relation, we have:
d2a−1d(c−1d)10n+3 = 1
⇒ d2a−1d2(d−1(cc−1)c−1d2)10n+3d−1 = 1
⇒ da−1d2([d−1c][c−2d2])10n+3 = 1
⇒ da−1d2([d−1c][ba−1])10n+3 = 1,(10.2)
where the last implication follows from Lemma 4.4. Now a−1d < 1 by Lemma 10.1,
so we know da−1d2 < 1. Therefore, (10.2) tells us that:
([d−1c][ba−1])10n+3 > 1,
but d−1c < 1 by Lemma 10.3, so we must have:
ba−1 > 1. 
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10.2. Concordance of signs of a few useful elements. Next we will show that
in Case 16, bc−1, dc−1, ad−1, ac−1, bc−3, and ad−3 must all have the same sign.
We begin by showing that all of these elements are non-trivial.
Proposition 10.6. In Case 16, bc−1 6= 1, dc−1 6= 1, ad−1 6= 1, ac−1 6= 1, bc−3 6= 1,
and ad−3 6= 1.
Proof. Consequence of Proposition 3.1 and Corollary 3.2. 
Now that we know that each of these elements can only be positive or negative, we
proceed to show that they all have the same sign.
Lemma 10.7. In Case 16, ad−1 < 1 implies dc−1 < 1.
Proof. Starting from the second group relation, we have:
b−2c(b−1a)10n = 1
⇒ b−1c(b−1a)10nb−1 = 1
⇒ b−1cb−1(ab−1)10n = 1
⇒ b−1cb−1a−1(a2b−1a−1)10na = 1
⇒ ab−1cb−1a−1((a2b−2)(ba−1))10n = 1
⇒ a(b−1cb−1)a−1([dc−1][ba−1])10n = 1
⇒ da−2([dc−1][ba−1])10n = 1.(10.3)
Where the second to last implication follows from Corollary 4.2 and last implication
follows from Lemma 4.5. Now if ad−1 < 1 we have:
da−1 > 1
⇒ da−2 > 1.
Thus if ad−1 < 1, (10.3) implies:
(dc−1)(ba−1) < 1,
which shows that dc−1 < 1, since ba−1 > 1 by Lemma 10.5. 
Lemma 10.8. In Case 16, dc−1 > 1 implies ac−1 > 1.
Proof. By Lemma 10.7:
dc−1 > 1⇒ ad−1 > 1.
This completes the proof since:
ac−1 = (ad−1)(dc−1). 
Lemma 10.9. In Case 16, ad−1 < 1 implies ac−1 < 1.
Proof. By Lemma 10.7:
ad−1 < 1⇒ dc−1 < 1.
This completes the proof since:
ac−1 = (ad−1)(dc−1). 
Corollary 10.10. In Case 16, dc−1 > 1 if and only if ad−1 > 1 if and only if
ac−1 > 1.
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Proof. Starting from the fourth group relation, we have:
d2a−1d(c−1d)10n+3 = 1
⇒ a−1d(c−1d)10n+3d2 = 1
⇒ a−1(dc−1)10n+3d3 = 1
⇒ d2(da−1)(dc−1)10n+3 = 1.(10.4)
Now d < 1 in Case 16, so (10.4) shows that:
ad−1 > 1⇒ da−1 < 1⇒ dc−1 > 1.
In conjunction with Lemma 10.7, this shows that dc−1 > 1 if and only if ad−1 > 1.
Now by Lemma 10.8 we have:
ad−1 > 1⇒ dc−1 > 1⇒ ac−1 > 1,
and by Lemma 10.9 we have:
ad−1 < 1⇒ ac−1 < 1.
Thus, ad−1 > 1 if and only if ac−1 > 1. 
Lemma 10.11. In Case 16, dc−1 > 1 if and only if bc−1 > 1.
Proof of reverse direction. Starting from the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1(cd−1)10n+3bc−2 = 1
⇒ (cd−1)10n+3(bc−2) = c < 1,
and so:
dc−1 < 1⇒ cd−1 > 1⇒ bc−2 < 1⇒ bc−1 < 1. 
Proof of forward direction. First note that:
bc−1 = (ba−1)(ac−1).
But ba−1 > 1 by Lemma 10.5 so this shows that:
dc−1 > 1⇒ ac−1 > 1⇒ bc−1 > 1,
where the first implication follows from Corollary 10.10. 
Lemma 10.12. In Case 16, dc−1 > 1 if and only if bc−3 > 1 if and only if
ad−3 > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (cd−1)10n+3bc−3 = 1
⇒ bc−3 = (dc−1)10n+3.
LEFT-ORDERABILITY AND KANENOBU’S KNOT 29
Thus bc−3 > 1 must have the same sign as dc−1. By the fourth group relation, we
have:
(d−1c)10n+3d−1ad−2 = 1
⇒ (cd−1)10n+3ad−3 = 1
⇒ ad−3 = (dc−1)10n+3.
Thus ad−3 > 1 must have the same sign as dc−1. 
Proposition 10.13. In Case 16, the following elements all have the same sign:
dc−1, ad−1, ac−1, bc−1, bc−3, and ad−3.
Proof. The proposition is evident by combining Corollary 10.10, Lemma 10.11, and
Lemma 10.12. 
In order to show Case 16 (a, b, c, d < 1) is not possible if Gn is left-orderable, we
consider sub-cases (see Table 10). Because of Proposition 10.13 , it is easy to see
that there are only two possible sub-cases of Case 16 considering the signs of dc−1,
ad−1, ac−1, bc−1, bc−3, and ad−3
Case dc−1 ad−1 ac−1 bc−1 bc−3 ad−3
16.a + + + + + +
16.b − − − − − −
Table 10. The two possible sub-cases of Case 16 considering the
signs of dc−1, ad−1, ac−1, bc−1, bc−3, and ad−3
10.3. Case 16.a. As a reminder, since we are working in a sub-case of Case 16,
we know a < 1, b < 1, c < 1, and d < 1.
Lemma 10.14. In Case 16.a, a−1dc−1a > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1(cd−1)10n+3bc−2 = 1
⇒ c−1(aa−1)(cd−1)10n+3(aa−1)b(a−1a)c−1(a−1a)c−1 = 1
⇒ (c−1a)(a−1cd−1a)10n+3(a−1)(ba−1)(ac−1)(a−1)(ac−1) = 1.(10.5)
But c−1a > 1 by Corollary 10.4 , a−1 > 1 in Case 16, ba−1 > 1 by Lemma 10.5 and
ac−1 > 1 in Case 16.a by assumption, so (10.5) shows that:
a−1cd−1a < 1
⇒ a−1dc−1a > 1. 
Lemma 10.15. In Case 16.a, ab−2a > 1.
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Proof. By Lemma 4.1, we have:
dc−1b2a−2 = 1
⇒ a−1dc−1b2a−1 = 1
⇒ a−1dc−1(aa−1)b2a−1 = 1
⇒ (a−1dc−1a)(a−1b2a−1) = 1.(10.6)
But a−1dc−1a > 1 by Lemma 10.14, so (10.6) shows that:
a−1b2a−1 < 1
⇒ ab−2a > 1. 
Lemma 10.16. In Case 16.a, d−2cb > 1.
Proof. By Lemma 4.4 and Lemma 4.5:
d−2cb =d−2c(cb−1bc−1)b
⇒ d−2cb =(d−2c2)b−1(bc−1b)
⇒ d−2cb =(ab−1)b−1(ad−1a)
⇒ d−2cb =(ab−2a)(d−1a).(10.7)
But ab−2a > 1 by Lemma 10.15, and d−1a > 1 by Lemma 10.1, so (10.7) shows
that:
(ab−2a)(d−1a) > 1
⇒ d−2cb > 1. 
Lemma 10.17. In Case 16.a, a−1d−2c2 > 1.
Proof. By Lemma 4.4:
b−1c−2d2a = 1
⇒ b−1(aa−1)c−2d2a = 1
⇒ (b−1a)(a−1)(c−2d2a) = 1.(10.8)
But b−1a > 1 in general, and a−1 > 1 in case 16, so (10.8) shows that:
c−2d2a < 1
⇒ a−1d−2c2 > 1. 
Corollary 10.18. In Case 16.a a−1d−2c > 1.
Proof. We know c−1 > 1 in Case 16, and by Lemma 10.17, we know a−1d−2c2 > 1
in Case 16.a. Therefore,
(a−1d−2c2)(c−1) > 1
⇒ a−1d−2c > 1. 
Lemma 10.19. In Case 16.a, a−1c−1da > 1.
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Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (d−1c)10n+2d−1bc−2 = 1
⇒ d−1bc−2(d−1c)10n+2 = 1
⇒ (a−1a)d−1b(a−1ad−1d)c−2(aa−1)(d−1c)10n+2(aa−1) = 1
⇒ (a−1)(ad−1)(ba−1)(ad−1)(dc−1)(c−1a)(a−1d−1ca)10n+2(a−1) = 1.(10.9)
But a−1 > 1 in Case 16, ad−1 > 1 in Case 16.a, ba−1 > 1 by Lemma 10.5, dc−1 > 1
in Case 16.a, and c−1a > 1 by Lemma 10.4, so (10.9) shows that:
a−1d−1ca < 1
⇒ a−1c−1da > 1. 
Lemma 10.20. In Case 16.a, ac−1da−1 > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (a−1a)(d−1c)10n+2(a−1a)(d−1c)c−1b(a−1a)c−1(a−1a)c−1 = 1
⇒ (a−1)(ad−1ca−1)10n+2(ad−1)(cc−1)(ba−1)(ac−1)(a−1)(ac−1) = 1
⇒ (a−1)(ad−1ca−1)10n+2(ad−1)(ba−1)(ac−1)(a−1)(ac−1) = 1.(10.10)
But ba−1 > 1 by Lemma 10.5, a−1 > 1 in Case 16, ad−1 > 1 in Case 16.a, , and
ac−1 > 1 in Case 16.a, so (10.10) shows that:
ad−1ca−1 < 1
⇒ ac−1da−1 > 1. 
Lemma 10.21. In Case 16.a, b−1cd−1a > 1.
Proof. By Lemma 4.1, we have:
dc−1b2a−2 = 1
⇒ a−1dc−1b2a−1 = 1
⇒ (a−1dc−1b)(ba−1) = 1.(10.11)
But ba−1 > 1 by Lemma 10.5, so (10.11) shows that:
a−1dc−1b < 1
⇒ b−1cd−1a > 1. 
Lemma 10.22. In Case 16.a, ad−2c > 1.
Proof. By Lemma 4.3, we have:
d2a−1d = c2b−1c
⇒ bc−2d2a−1dc−1 = 1
⇒ b(a−1a)(d−1d)c−2d2a−1dc−1 = 1
⇒ (ba−1)(ad−1)(dc−1)(c−1d2a−1)(dc−1) = 1.(10.12)
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But ba−1 > 1 in Case 16 by Lemma 10.5, ad−1 > 1 in Case 16.a by assumption,
and dc−1 > 1 in Case 16.a by assumption. Therefore, (10.12) shows that:
c−1d2a−1 < 1
⇒ ad−2c > 1. 
Lemma 10.23. In Case 16.a, a−1d−1cd−1c > 1.
Proof. By Lemma 4.3, we have:
d2a−1d = c2b−1c
⇒ bc−2d2a−1dc−1 = 1
⇒ b(a−1a)c−1(da−1ad−1)(d−1cc−1d)c−1d(aa−1)da−1dc−1 = 1
⇒ (ba−1)(ac−1da−1)(ad−2c)(c−1dc−1da)(a−1da−1)(dc−1) = 1.(10.13)
But ba−1 > 1 in Case 16 by Lemma 10.5, ac−1da−1 > 1 by Lemma 10.20, ad−2c > 1
in Case 16.a by Lemma 10.22, a−1da−1 > 1 in Case 16 since a−1da−1 = (ba−1)10n
(see (4.5)) which is positive by Lemma 10.5, and dc−1 > 1 in Case 16.a by assump-
tion. Therefore, (10.13) shows that:
c−1dc−1da < 1
⇒ a−1d−1cd−1c > 1. 
Lemma 10.24. In Case 16.a, a−1c−2dca > 1.
Proof. Suppose that Gn is left-orderable, and suppose (for contradiction), that
a < 1, b < 1, c < 1, and d < 1. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ (d−1c)10n+2d−1bc−2 = 1
⇒ d−1bc−2(d−1c)10n+2 = 1
⇒ (d−1bc−2)(c−1aa−1c−1)(d−1c)10n−2(caa−1c−1)
(daa−1d−1)(d−1c)(cc−1dd−1)(d−1c)(bb−1aa−1)(d−1cd−1c) = 1
⇒ (d−1)(bc−2)(c−1a)(a−1c−1d−1cca)10n−2(a−1c−1da)
(a−1d−1d−1cc)(c−1d)(d−1d−1cb)(b−1a)(a−1d−1cd−1c) = 1
⇒ (d−1)(bc−2)(c−1a)(a−1c−1d−1c2a)10n−2(a−1c−1da)
(a−1d−2c2)(c−1d)(d−2cb)(b−1a)(a−1d−1cd−1c) = 1.(10.14)
But d−1 > 1 by Case 16, bc−2 > 1 by Case 16.a, c−1a > 1 by Lemma 10.4,
a−1c−1da > 1 by Lemma 10.19, a−1d−2c2 > 1 by Lemma 10.17, c−1d > 1 by
Lemma 10.3, d−2cb > 1 by Lemma 10.16, b−1a > 1 by general assumption, and
a−1d−1cd−1c > 1 by Lemma 10.23, so (10.14) shows that:
a−1c−1d−1c2a < 1
⇒ a−1c−2dca > 1. 
Proposition 10.25. If Gn is left-orderable, then Case 16.a (a < 1, b < 1, c < 1,
and d < 1) is impossible.
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Proof. By Lemma 4.4, we have:
b−1c−2d2a = 1
⇒ b−1(aa−1)c−2d(caa−1c−1)da = 1
⇒ (b−1a)(a−1c−2dca)(a−1c−1da) = 1.(10.15)
But b−1a > 1 by general assumption, a−1c−2dca > 1 by Lemma 10.24, and
a−1c−1da > 1 by Lemma 10.19. Therefore, (10.15) states that a product of positives
is the identity, a contradiction. 
10.4. Case 16.b. As a reminder, since we are working in a sub-case of Case 16,
we know a < 1, b < 1, c < 1, and d < 1.
Lemma 10.26. In Case 16.b, a−1bc−1b > 1.
Proof. By Lemma 4.5, we have:
bc−1b = ad−1a.
Thus:
a−1(bc−1b) = a−1(ad−1a) = (d−1a).
But d−1a > 1 in Case 16 by Lemma 10.1; therefore, we know:
a−1bc−1b = d−1a > 1. 
Corollary 10.27. In Case 16.b, a−1bc−1a > 1 and a−1bc−1 > 1.
Proof. By Lemma 10.26, we have
a−1bc−1b > 1.
Since b−1a > 1, we have:
b−1a > 1
⇒ a−1bc−1b(b−1a) > a−1bc−1b > 1
⇒ a−1bc−1a > a−1bc−1b > 1.
By b−1 > 1, we have:
b−1 > 1
⇒ a−1bc−1b(b−1) > a−1bc−1b > 1
⇒ a−1bc−1 > a−1bc−1b > 1. 
Lemma 10.28. In Case 16.b, c−1d−1c > 1.
Proof. By Lemma 4.4, we have:
b−1c−2d2a = 1
⇒ b−1(b−1b)c−2d(cc−1)d(cc−1)a = 1
⇒ b−1b−1(aa−1)bc−2d(cc−1)d(cc−1)a = 1
⇒ (b−1)(b−1a)(a−1bc−1)(c−1dc)(c−1dc)(c−1a) = 1.(10.16)
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Now b−1 > 1 and b−1a > 1 by general assumption, a−1bc−1 > 1 in Case 16.b by
Corollary 10.27, and c−1a > 1 in Case 16 by Corollary 10.4. Therefore, (10.16)
shows that
c−1dc < 1
⇒ c−1d−1c > 1. 
Lemma 10.29. In Case 16.b, b−1d−1b > 1.
Proof. By Lemma 4.4, we have:
d2a = c2b
⇒ b−1c−2d2a = 1
⇒ b−1c−2(bb−1)d(bb−1)d(bb−1)a = 1
⇒ (b−1)(c−1)(c−1b)(b−1db)(b−1db)(b−1a) = 1.(10.17)
Now b−1, c−1, and b−1a are positive by assumption in Case 16, and c−1b > 1 by
Lemma 10.2. Therefore, (10.17) shows that
b−1db < 1
⇒ b−1d−1b > 1. 
Lemma 10.30. In Case 16.b, a−1dc−1a > 1.
Proof. Starting from the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1(cd−1)10n+3bc−2 = 1
⇒ (c−1a)(a−1cd−1a)10n+3(a−1bc−1)(c−1) = 1.(10.18)
Now c−1 > 1 in Case 16 by assumption, c−1a > 1 in Case 16 by Corollary 10.4,
and a−1bc−1 > 1 in Case 16.b by Corollary 10.27. Therefore, (10.18) shows that:
a−1cd−1a < 1
⇒ a−1dc−1a > 1. 
Lemma 10.31. In Case 16.b, d−2cb > 1.
Proof. By Lemma 4.4, we have:
c2b = d2a
⇒ d−2c2 = ab−1.(10.19)
By Corollary 4.2, we have:
a2b−2 = dc−1
⇒ a2b−2cd−1 = 1.(10.20)
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Combining (10.19) and (10.20), we find:
ad−2c2b−1cd−1 = 1(10.21)
⇒ dc−1bc−2d2a−1 = 1
⇒ a−1dc−1bc−2d2 = 1
⇒ a−1dc−1(aa−1)bc−1(bb−1)c−1d2 = 1
⇒ (a−1dc−1a)(a−1bc−1b)(b−1c−1d2) = 1.(10.22)
Now a−1dc−1a > 1 in Case 16.b by Lemma 10.30 and a−1bc−1b > 1 in Case 16.b
by Lemma 10.26. Therefore, (10.22) shows that
b−1c−1d2 < 1
⇒ d−2cb > 1. 
Lemma 10.32. In Case 16.b, dc2a−1 > 1.
Proof. By the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ d−1c(d−1c)10n+2c−1b(a−1a)c−2 = 1
⇒ (cd−1)10n+2(cc−1)(ba−1)(ac−2d−1) = 1
⇒ (cd−1)10n+2(ba−1)(ac−2d−1) = 1,
where the last equality implies ac−2d−1 < 1, since cd−1 > 1 in Case 16.b by
assumption, and ba−1 > 1 by Lemma 10.5. Therefore, we know dc2a−1 > 1. 
Lemma 10.33. In Case 16.b, dab−1a−1 > 1.
Proof. By Lemma 4.4, we have:
c2b = d2a
c2ba−1d−2 = 1
⇒ d−1c2ba−1d−1 = 1
⇒ d−1(d−1d)c2(a−1a)ba−1d−1 = 1
⇒ (d−2)(dc2a−1)(aba−1d−1) = 1,
where the last equality implies aba−1d−1 < 1, since d−1 > 1 in Case 16 by as-
sumption, and dc2a−1 > 1 in Case 16.b by Lemma 10.32. Therefore, we know
dab−1a−1 > 1. 
Lemma 10.34. In Case 16.b, b−1cd−1a > 1.
Proof. By Lemma 4.1, we have:
d−1a2 = c−1b2
⇒ dc−1b2a−2 = 1
⇒ a−1dc−1b2a−1 = 1
⇒ (a−1dc−1b)(ba−1) = 1,
where the last equality implies a−1dc−1b < 1, since ba−1 > 1 in Case 16 by
Lemma 10.5. Therefore, we know b−1cd−1a > 1. 
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Lemma 10.35. In Case 16.b, ab−1d−1a > 1.
Proof. By Lemma 4.1, we have:
d−1a2 = c−1b2
⇒ dc−1b2a−2 = 1
⇒ a−1dc−1(aa−1)b(c−1bb−1c)(d−1aa−1d)ba−1 = 1
⇒ (a−1dc−1a)(a−1bc−1b)(b−1cd−1a)(a−1dba−1) = 1,
where the last equality implies a−1dba−1 < 1, since a−1dc−1a > 1 in Case 16.b by
Lemma 10.30, a−1bc−1b > 1 in Case 16.b by Lemma 10.26, and b−1cd−1a > 1 in
Case 16.b by Lemma 10.34. Therefore, we know ab−1d−1a > 1. 
Lemma 10.36. In Case 16.b, cda−1 > 1.
Proof. In Case 16.b, 1 > dc−1 by assumption, and so we have:
1 > dc−1 = (d−1d)d(da−1ad−1)c−1
⇒ 1 > dc−1 = (d−1)(d3a−1)(ad−1c−1),
where the last equality implies ad−1c−1 < 1, since d−1 > 1 and d3a−1 > 1 in Case
16.b by assumption. 
Lemma 10.37. In Case 16.b, a−1dc−1 > 1.
Proof. Starting from the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1(cd−1)10n+3bc−2 = 1
⇒ c−1(cd−1)10n+2(cd−1)(aa−1)(bc−1)c−1 = 1
⇒ c−1(cd−1)10n+2(cd−1a)(a−1bc−1)c−1 = 1.(10.23)
Now c−1 > 1 in Case 16, cd−1 > 1 in Case 16.b by assumption, and a−1bc−1 > 1
in Case 16.b by Corollary 10.27. Therefore, (10.23) shows that:
cd−1a < 1
⇒ a−1dc−1 > 1. 
Lemma 10.38. In Case 16.b, ca−1bc−1 > 1.
Proof. By the first group relation, we have:
(b−1a)10na−2d = 1
⇒ a−2d(b−1a)10n = 1
⇒ a−2d(c−1c)(b−1a)10n−1(c−1c)(b−1a) = 1
⇒ (a−1dc−1)(cb−1ac−1)10n−1(cb−1) = 1,
where the last equality implies cb−1ac−1 < 1, since a−1dc−1 > 1 in Case 16.b by
Lemma 10.37, and cb−1 > 1 in Case 16.b by assumption. Therefore, we know
ca−1bc−1 > 1. 
Lemma 10.39. In Case 16.b, b−1c−1db > 1.
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Proof. Starting from the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−2(d−1c)10n+3c−1b = 1
⇒ c−2(d−1c)10n+2d−1b = 1
⇒ (c−1)(c−1b)(b−1d−1cb)10n+2(b−1d−1b) = 1.(10.24)
Now c−1 > 1 in Case 16 by assumption, c−1b > 1 in Case 16 by Lemma 10.2, and
b−1d−1b > 1 in Case 16.b by Lemma 10.29. Therefore, (10.24) shows that:
b−1d−1cb < 1
⇒ b−1c−1db > 1. 
Lemma 10.40. In Case 16.b, c−2dc > 1.
Proof. Starting from the third group relation, we have:
(d−1c)10n+3c−1bc−2 = 1
⇒ c−1bc−2(d−1c)10n+3 = 1
⇒ c−1bc−2(d−1c)10n(d−1c)3 = 1
⇒ (d−1c)2c−1bc−2(d−1c)10n(d−1c) = 1
⇒ d−1cd−1bc−2(d−1c)10n(d−1c) = 1
⇒ d−1cd−1bc−1(c−1d−1c2)10n(c−1d−1c) = 1
⇒ d−1(d−1cbb−1c−1d)(bb−1)cd−1(aa−1)bc−1(c−1d−1c2)10n(c−1d−1c) = 1
⇒ (d−2cb)(b−1c−1db)(b−1cd−1a)(a−1bc−1)(c−1d−1c2)10n(c−1d−1c) = 1.(10.25)
Now d−2cb > 1 in Case 16.b by Lemma 10.31, b−1c−1db > 1 in Case 16.b by
Lemma 10.39, b−1cd−1a > 1 in Case 16.b by Lemma 10.34, a−1bc−1 > 1 in Case
16.b by Corollary 10.27, and c−1d−1c > 1 in Case 16.b by Lemma 10.28. Therefore,
(10.25) shows that
c−1d−1c2 < 1
⇒ c−2dc > 1. 
Lemma 10.41. In Case 16.b, cab−1c−1 > 1.
Proof. By Lemma 4.4 we have:
d2a = c2b
⇒ d2 = c2ba−1
⇒ d3 = dc2ba−1.(10.26)
By Lemma 4.6 we have:
c−3d3 = b−1a
⇒ d3 = c3b−1a.(10.27)
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Combining (10.26) and (10.27), we find:
c3b−1a = dc2ba−1
⇒ c−1d−1c3b−1a2b−1c−1 = 1
⇒ cba−2bc−3dc = 1(10.28)
⇒ cba−1(c−1c)a−1bc−1c−2dc = 1
⇒ (cba−1c−1)(ca−1bc−1)(c−2dc) = 1.(10.29)
Now ca−1bc−1 > 1 in Case 16.b by Lemma 10.38 and c−2dc > 1 in Case 16.b by
Lemma 10.40. Therefore, (10.29) shows that:
cba−1c−1 < 1
⇒ cab−1c−1 > 1. 
Proposition 10.42. If Gn is left-orderable, then Case 16.b is impossible.
Proof. Suppose Gn is left-orderable, and suppose (for contradiction) that the signs
of elements are as in Case 16.b. Starting from the first group relation, we have:
(a−1b)10nd−1a2 = 1
⇒ a−2d(b−1a)10n = 1
⇒ a−2da−1(ab−1)10na = 1
⇒ da−1(ab−1)10na−1 = 1
⇒ db−1(ab−1)10n−1a−1 = 1
⇒ db−1(ab−1)10n−2ab−1a−1 = 1
⇒ db−1c−1(cab−1c−1)10n−2cab−1a−1 = 1
⇒ d(a−1a)b−1(d−1aa−1d)c−1(cab−1c−1)10n−2c(d−1d)ab−1a−1 = 1
⇒ (da−1)(ab−1d−1a)(a−1dc−1)(cab−1c−1)10n−2(cd−1)(dab−1a−1) = 1.
This is a contradiction, since da−1 > 1 in Case 16.b by assumption, ab−1d−1a >
1 in Case 16.b by Lemma 10.35, a−1dc−1 > 1 in Case 16.b by Lemma 10.37,
cab−1c−1 > 1 in Case 16.b by Lemma 10.41, cd−1 > 1 in Case 16.b by assumption,
and dab−1a−1 > 1 in Case 16.b by Lemma 10.33. 
With Proposition 10.42, we have eliminated the final sub-case of Case 16. We have
therefore shown that Gn is not left-orderable.
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